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The restricted Lagrangian Grassmannian in 
infinite dimension 

Manuel Lopez Galvan* 


Abstract 

In this paper we study the action of the symplectic operators which 
are a perturbation of the identity by a Hilbert-Schmidt operator in the 
Lagrangian Grassmannian manifold. 


1 Introduction 

In finite dimension, the Lagrangian Grassmannian A (n) of the Hilbert space 
H = K n x M n with the canonical complex structure J(x,y ) = (—y,x) was 
introduced by V.I. Arnold in 1967 [j3J. These notions have been general¬ 
ized to infinite dimensional Hilbert spaces (see m) and have found several 
applications to Algebraic Topology, Differential Geometry and Physics. 

In classical finite dimensional Riemannian theory it is well-known the fact 
that given two points there is a minimal geodesic curve that joins them and 
this is equivalent to the completeness of the metric space with the geodesic 
distance; this is the Hopf-Rinow theorem. In the infinite dimensional case 
this is no longer true. In m and [I], McAlpin and Atkin showed in two 
examples how this theorem can fail. 

In [I] E. Andruchow and G. Larotonda introduced a linear connection in 
the Lagrangian Grassmannian and focused on the geodesic structure of this 
manifold. There they proved that any two Lagrangian subspaces can be 
joined by a minimal geodesic. 

In this paper we study a restricted version of the Lagrangian Grassmannian 
given by the action of the restricted symplectic group. We will focus on 
the geometric study and we will discuss which metric can be defined in each 
tangent space and which geometric properties it verifies. 
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versidad Nacional de General Sarmiento and ANPCyT (PICT 2010-2478). 
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2 Background and definitions 

In this paper we will follow the notation and definitions of [hO], so first we 
recall some of this facts. Let H be an infinite dimensional real Hilbert space 
and let B(l-L) be the space of bounded operators. Denote by B 2 ('H) the 
Hilbert-Schmidt class 

B 2 {H) = {ae B{H) : Tr(a*a) < 00 } 

where Tr is the usual trace in B(T-L). This space is a Hilbert space with the 
inner product 

< a,b >= Tr(b*a). 

The norm induced by this inner product is called the 2-norm and denoted by 


a|| 2 = Tr(a*a) 1/2 , 


the usual operator norm will be denoted by || ||. 

If A Cl B{H) is any subset of operators we use the subscript s ( resp us) to 
denote the subset of symmetric (resp. anti-symmetric) operators of it, i.e. 
A s = {x G A : x* = x} and A as = {x G A : x* = — x}. 

We fix a complex structure; that is a linear isometry J G £>("H) such that, 

J 2 = —1 and J* = — J. 

The symplectic form w is given by w(£,rj) = (J£,rj). We denote by GL(H ) 
the group of invertible operators and by Sp("H) the subgroup of invert¬ 
ible operators which preserve the symplectic form, that is g G Sp("H) if 
w(g£,grj) = w(£,rj). Algebraically 

Sp {H) = {geGL(n):g*Jg = J}. 

This group is a Banach-Lie group (see m) and its Banach-Lie algebra is 
given by 

sp(H) ={iG B{H) : xJ = -Jx*} . 

Denote by Tij the Hilbert space 7i with the action of the complex field C 
given by J, that is; if A = Ai + iA 2 G C and £ G H we can define the action 
as A£ := Ai£ + A 2 J£ and the complex inner product as < £,?? >c=< £,?? > 

Let B(Hj) be the space of bounded complex linear operators in Hj. A 
straightforward computation shows that H('Hj) consists of the elements of 
B{%) which commute with J. 
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Following the notation of im, we consider the restricted subgroup of Sp('H) 

Sp 2 (H) = {geSp('H):g-leB 2 (H)}. 

There it was proved that this group has a differentiable structure modelled on 
£? 2 (P). Some of the this facts are have been well-known for general Schatten 
ideals, more precisely the Banach-Lie group structure was noted in the book 
[8]. The Lie algebra of Sp 2 ('H) is 

5p 2 ('H) = {xe B 2 ('H) : xJ = -Jx*} . 

The Lagrangian Grassmannian A("H) is the set of closed linear subspaces 
L C V. such that J{L) = L 1 -. Clearly Sp("H) acts on A("H) by means of 
g.L = g(L). Since the action of the unitary group U{T-Lj ) is transitive, it is 
clear that the action of Sp("H) is also transitive, so we can think of A("H) as 
an orbit for a fixed Lq e A('H), i.e 

A (H) = { g(L 0 ) : g G Sp(ft)}. 

We denote by Pl E B(l-i) the orthogonal projection onto L. It is customary 
to parametrize closed subspaces via orthogonal projections, L -b- Pl , in order 
to carry on geometric or analytic computations. We shall also consider here 
an alternative description of the Lagrangian subspaces using projections and 
symmetries. That is, L is a Lagrangian subspace if and only if P L J+JP L = J, 
see [7] for a proof. Another description of this equation using symmetries is 
6lJ = —Jcl, where 6l = 2P^ —1 is the symmetric orthogonal transformation 
which acts as the identity in L and minus the identity in L 1 -. 

The isotropy subgroup at L is 

S P (U) L = {ge Sp (H) : g(L) = L}. 

It is obvious that this subgroup is a closed subgroup of Sp("H). In the infinite 
dimensional setting, this does not guarantee a nice submanifold structure; in 
Proposition E31 we will prove that Sp('H) i is a Banach-Lie subgroup of Sp("H). 
We can restrict the natural action of the symplectic group in A ((H) to the 
restricted symplectic group and it will also be smooth. As before, we can 
consider the isotropy group at L 

Sp 2 (H) l = {g£ Sp 2 (H) : g(L) = L}. 

We will also prove in Proposition 13.81 that this subgroup is a Banach-Lie 
subgroup of Sp 2 (P), with the topology induced by the metric — g 2 || 2 . 


3 





If T is any operator we denote by Gr T its graph, i.e. the subset Gr T = 
{u + Tv : v G Dorn(T)} C Fix a Lagrangian subspace L 0 C H, we 

consider the subset of A (fK) 

O L0 = {g(L 0 ):geSp 2 (U)}CA(-H). 

In Section 3 we will see that this set is strictly contained in A("H) and thus the 
action of Sp 2 ('H) in the Lagrangian Grassmannian is not transitive. The pur¬ 
pose of this paper is the geometric study of this orbit; its manifold structure 
and relevant metrics. 


3 Manifold structure of Ol 0 

We start proving that the subset Ol 0 is strictly contained in A("H), to do it 
we need the following lemma. 

Lemma 3.1. If we identify the closed subspace g(Lo) with its orthogonal 
projection P g (L 0 ) then it belongs to the affine space Pl q + £> 2 (Ff). 

Proof. To prove it, we use the formula of the orthogonal projector over the 
range of an operator Q given by 

J=r ( o) = QQ’(i - (Q - Q’f) 1 ' 2 - (3.1) 

This formula can be obtained using a block matrix representation. If we 
denote by Q the idempotent associated of g(L 0 ), i.e. Q := gP^g" 1 and if we 
suppose that g — 1 + k and g = 1 + k' where k , k' G B-flf) we have 

QQ* = (1 + fc)P Lo (l + *0(1 + k'*)P Lo ( 1 + k*) 

= (P Lo + P Lo k' + kP Lo + kP Lo k')(P L Q + P Lo k* + k'*P Lo + k’*P Lo k*\ 

Q Q* 

— Pl 0 + PL 0 k* + Plo k’*P lq +.= P Lo + T G Pl 0 + BzifH). 

" -V-" 

6 B 2 {U) 


It is clear that Q — Q* G BzifH), then (Q — Q *) 2 G B\(fH). From the spectral 
theorem we have, 

l - (Q - Q*) 2 = 1 + 
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where (A*) G l 1 and P 0 is the projection to the kernel. Taking square root, 
we have 

(1 - (Q - Q*) 2 ) 1/2 = P 0 + + 1 ) 1/2 Pi 

i 

= Pq + ^[(Aj + 1) 1//2 — 1 ]Pi + 1 Pi 

i i 

= l + ^[(Ai + l) 1/2 -l]Pi = 1 + T' e 1 + B 2 {U) 


(( r _l lji /2 _ 1^2 

where ((A* +1) 1//2 — 1) G i 2 , because (Ad e i 1 and linx^o- 

x 

0. Then by the formula (13.111 we have 

P gi L 0 ) = ( P Lo + T)( 1 + r') e P Lo + B 2 {U). 


□ 


Corollary 3.2. The inclusion Ol q C A("H) is strict. 

Proof. We will see that in the generic example. Let /C be a Hilbert space 
and TL — K, x K, with the usual inner product. Let J : TL —» TL given by 
J(£, 77 ) = (—?7, £)■ We can take L 0 = {0} x /C and Gry the graph of the 
identity map of /C; this subspaces are Lagrangian with respect to the form 
J. If we write the orthogonal projector over this subspaces in terms of the 
decomposition, L 0 © Lq we have 


Pl 0 



1 
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Suppose that A (TL) = Ol 0 , then Gry belongs to Ol 0 and by the above Lemma 
its orthogonal projector can be written as an element of P Lo + B 2 (TL), that 
is Pan ~ Pl 0 = T £ Bo(TL) and if we write it in terms of matrix blocks we 
have; 


1 

2 



( PlqTPlo 

i - nj 


(1 - Pl,)TP Lo \ 

(l-w-fl.)/ 


6 BAH) 


and this is a contradiction because —1/2 = P Lo TP Lq e B 2 (L 0 ) and —1/2 ^ 
B 2 (L 0 ). □ 
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To build a manifold structure over Ol 0 , we will considerate the charts of 
A(PL) given by the parametrization of Lagrangian subspaces as graphs of 
functions and we will adapt this charts to our set. This charts were used 
in J6j to describe the manifold structure of A("H); in the followings steps we 
recall this charts and we fix the notation. 

Given L G A(PL), we have the Lagrangian decomposition PL = L © lA and 
we denote by 

= {W e A (H) :H = W® L^}. 

In [7] it was proved that these sets are open in A(PL). We consider the map 
4> l : ->• B{L) S given by 

W = Grx i —> J\ l ±T 

where T : L —> lA is the linear operator whose graph is W, more precisely 

T = 7Ti| w ° (tTo| w) 1 

where 7To, 7 Ti are the orthogonal projections to L and LG 
Remark 3.3. The map cpL is onto. 

Proof. Let if G B(L) S , we consider the operator T := —J\iif (T maps L into 
L L ) and W := Gr Since if is a symmetric operator, W is a Lagrangian 
subspace and PL = Gtt © L 1 ; for this W G and it is a preimage of 

if. □ 

The maps {4>l}l&a(h) constitute a smooth atlas for A (PL), so that A (PL) 
becomes a smooth Banach manifold (see [T2]). For every W G A (PL) we 
can identify the tangent space Tw^-iPL) with the Banach space B(W) S , this 
identification was used in [6] and H2j. For W G the differential d<fi, 

of the chart at W is given by 

d w MH) = rf Hrj (3.2) 

for all H G B(W) S , where rj : L -A- W is the isomorphism given by the 
restriction to L of the projection W © L 1 - —» W. It is easy to see that the 
inverse d^pff 1 of this map at a point if = 4>l(W) is given by 

B(L) S B{W) S 
H > (r/- 1 )* Hr]- 1 . 
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Since the symplectic group acts smoothly we can consider for fixed A G A (TL) 
the smooth map ttl : Sp('H) —> A('H) given by g H > g(L). Its differential map 
at a point g G Sp("H) is given by 

T s Sp('H) = sp{U)g 3 Xg ^ P g{L) JX\ g{L) G B(g(L)) s , 

see [6] and na for a proof. If A G Ol 0 we can restrict the map ttl to the 
subgroup Sp 2 ("H) obtaining a surjective map onto Ol 0 , 

^l\s P2 {H) : Sp 2 ("H) ->■ 0 Lo . 

Theorem 3.4. The set Ol q is a submanifold of K{TL) and the natural map 
i : Olq ^3 A {fH) is an immersion. 

Proof. We will adapt the above local chart </>£ to our set. Let L = g(L 0 ) G 
Ol 0 , first we see that n Ol 0 ) C B 2 (L) s . Indeed, if W belongs to 

f^A- 1 ) D Ol 0 then we can write W = Gr T = h(A 0 ) for some h G Sp 2 ("H) 
and since Lq = g _1 (A) we have that W = hg _1 (A) and it is obvious that 
we can write now W = g(L) with g G Sp 2 ("H). If we write g — 1 + k where 
k G B 2 (TL) then the orthogonal projection 7Ti restricted to W can be written 
as 

7Tl| w{w) = 7Tl (gl) = 7Tl (l + fcZ) = 

where IT D w = <?(Z) and l G A. Thus we have 

n 1 \ w = n 1 okog 1 \ w G Z3 2 (IT, A"*"). 

Then it is clear that 0 l(W) = J| L xT G B 2 (L) s . Now we have the restricted 
chart 

0L|n(iG)ne> io ; fl 0 Lo —» B 2 (L) S . 

To conclude we will see that this restricted map is also onto. Let G B 2 (L) S 
and as we did in Remark 13.31 we consider the operator T := — then the 
only fact to prove is that 

Gr T = {n + (-J\ L ijf)v : v G A} G 0 Lo . 

To prove it we define / := 1 — -J\rPfPr G 1 + B 2 (fH ); it is invertible with 
inverse given by 1 + JIl^Pl and it is clear that Grx = /(A). Now we have 
to show that / is symplectic. Indeed, let £, g G TL 

w{{1 - J\l^Pl)L (1 - Al^PM = 

V) + w(£, -J\l^Plv) + w(-J\ L ipP L £, rj) + w{J\ L ^P L f : J\ l ^Plv) 

" -V-' 

=0 
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and since J is an isometry we have, 


w(C,-J\l^Plv) +w(-J\l^PlLv) = l^Plv) + {J{~Al^Pl)C,v) 

= ~{Z,iI>Plv) + {^Pl^v)- 


If £ — £o + £o" anf i V = Vo + Vo are the respective decompositions in L © ZA, 
then by the symmetry of if the above equality results in 

-(£, ifP L v) + {iI>Pl£, V) = (fo + if Vo) + (if Co, Vo + Vo) 

= ~(Co ,ipVo) + (ifCo,Vo) = °- 

Then 

M(1 - Al^Pl)^ (1 - J\l^Pl)v) = w{£,v) 

and / G Sp 2 (ZZ). Since L = g(L 0 ) we have 

Gr T = f(L) = fg(L 0 ) G 0 Lo . 

□ 

As in the case of the full Lagrangian Grassmannian, for every L G Ol 0 we 
can identify the tangent space TlOl q with the Hilbert space B 2 (L) S . 

Since the differential of the inclusion map is an inclusion map, it is clear that 
the differential of the adapted charts are the restriction of the differential 
of full charts given by equation (13.21) . So, if W G fl(ZA) D 0 Lo then the 
differential of the adapted chart is given by dw<fL\n(L±)ro Lo (ZZ) = rj*Hrj 
where ZZ G B 2 {W) S and its inverse is 

AA ln(£-L)no r „ 

B 2 (L) s —> 0 B 2 (W) s = T w O Lo 

H i—> Hr]~ l . (3.3) 

Proposition 3.5. The differential of the map vtl|s P2 (w) A a point g G Sp 2 (ZZ) 
is the restriction of the differential map d g 'Kj j at T 9 Sp 2 (ZZ) i.e. 

<4tl|s P2 oh) : T g S p 2 (ZZ) = sp 2 fH)g 3 Xg hg P 9 {l)JX\ g ^ L ) G B 2 (g(L)) s . 

Proof. We have the following commutative diagram 

Sp(7Z) —-A»- A('H) 

12 

SP2. 

|Sp 
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If we derive at a point g G Sp 2 ('H) the equation tt l o i 2 = i± o til\sp 2 (h) and 
use that the differential of the inclusion maps i\ and i 2 at h(L 0 ) and at h 
respectively are inclusions, we have d g 'KL,\sp 2 {n){Xg) = dgit^Xg) for every 

X g sp 2 (U). “ □ 

In the followings steps we will show the main result of this section, that is 
the Lie subgroup structure of the isotropy group. To do it we will use the 
above submanifold structure constructed over Ol 0 . If M and N are smooth 
Banach manifolds a smooth map f : M N is a submersion if the tangent 
map d x f is onto and its kernel is a complemented subspace of T X M for all 
x G M. This fact is equivalent to the existence of smooth local section (see 
m- The next proposition is essential for the proof. 

Proposition 3.6. The map i tl 0 and its restriction ttl 0 \sp 2 (h) are smooth 
submersions when we consider in A (TL) (resp. in Ol 0 ) the above manifold 
structure. 

Proof. First we will prove that the map ttl 0 \sp 2 {h) has local cross sections on 
a neighborhood of Lq, the proof is adapted from [I], Using the symmetry 
over R(Q) we have 

e R(Q) = 2P/?(Q) — 1 = 2 (P Lo + £> 2 ) — 1 = Gl 0 + B- 2 - (3.4) 

For L G Ol 0 close to L 0 , we consider the element gi = 1/2(1 + cl^l 0 )] it is 
invertible (in fact, it can be show that it is invertible if \\cl — e^ 0 1| < 2) and 
it commutes with J, so it belongs to GL(fHj). From equation (j3.4j) we have 

LlFl 0 £ (ll 0 + B 2 (TL))^l 0 £ 1 + B 2 (TL) 

and then it is clear that gj J G 1 + B 2 (fH,j). Thus g^ is complex and invertible 
in a neighboord of cl 0 . Note that 

9l^l 0 = 1/2(£l 0 + cl) = CLgL 

and also that g*g commutes with cl 0 - If |x| = (x*x) 1//2 denote the absolute 
value and r/ L = ul |<?l| is the polar decomposition, then ul = 9l(9l*9l)^ 1 ^ 2 £ 
U(fHj) C Sp("H). We define the local cross section for L close to L 0 as 


a(L) = u L . 

Now we have to prove that 7T Lo \ Sp2 ^(a(L)) = L. If we identify the subspace 
with the symmetry this is equivalent to prove that ^ LQ \ Sp2{rL) {a{L)) = £l- In¬ 
deed, 

G l 0 ( Ul ) = u L e Lo u* L = 9 l{9l9l) 1/2 £l 0 {9l9l)~ 1/2 g* L = gL^gf 1 = e L - 
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Let us prove that it takes values in Sp 2 ('H). Since Cl + B 2 (fHj) is a *-Banach 
algebra and gL G GL 2 ('Hj) by the Riesz functional calculus we have that 
u L = gL \9l\~ 1 G Cl + B 2 (Uj). Thus u L — /31 + b with b G B 2 (PLj). On 
the other hand, note that gL*gL is a positive operator which lies in the C*- 
algebra Cl + ICfHj). Therefore its square root is of the form rl + k with 
r > 0 and k compact. Then 

9l*9l = (rl + k ) 2 = r 2 + k' 

and since 9l 9l G GL 2 {fHj) we have 

r 2 l + k' = 1 + b' 

with b' G B 2 (Hj). Since Cl and JC(Hj) are linearly independent, it follows 
that r = 1. Then it is clear that Ul G U 2 (PLj ) C Sp 2 ('H) and a is well 
defined. To conclude the proof we show that the local section a is smooth. 
If L lies in a small neighborhood of Lq we have 

L = ct>ll^) = Gr_j^ = (l- J\ Lo i;P Lo )(L 0 ) = g(L 0 ) G D 0 Lo . 

The idempotent of range L is 

Q '■= gPL 0 g~ l = (1 - J\l 0 ^Pl 0 )Pl 0 (1 + J\l 0 ^Pl 0 ) = Plq - J\l 0 ^Pl 0 

and it is smooth as a function of Since the formula of the orthogonal 
projector (13.11) is smooth, the local expression of o will be also smooth. 
Indeed, the symmetry in the chart will be 

cl = 2P R{gPLo9 - 1) - 1 = 2QQ*(1 -(Q- Q*) 2 ) 1/2 - 1 

and it is clearly smooth as a function of i/j, because Q and the operations 
involved (product, involution, square root) are smooth. Then it is clear that 
the invertible element g R and its unitary part Ul are smooth too. Finally 
the local expression a ° <t> lI is smooth as a function of -0. Since the full 
Lagrangian Grassmannian can be expressed as an orbit for a fixed L 0 , the 
proof of smoothness of the local section of ttl 0 is analogous to that of the 
restricted map n Lo \ Sp2 ( R ) ■ □ 

Corollary 3.7. If L is any subspace in the full Lagrangian Grassmannian or 
in Ol 0 then the map ttl and its restriction 7Tz.|sp 2 ('W) have local cross sections 
on a neighborhood of L. 

Proof. The above map a can be translated using the action to any L = g(L 0 ). 
That is, 

a L (h(L 0 )) = ga(g~ 1 h(L 0 ))g~ 1 

where h(Lo) lies on a neighborhood of L. □ 
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Theorem 3.8. The isotropy groups Sp (PL) l and Sp 2 (R) L of the symplectic 
group and of the restricted symplectic group are Lie subgroups of them with 
their respective topology. Their Lie algebras are 

sp (PL)l = {i 6 sp(R) : x(L) C L} 

sp 2 ('H)l = {x <E sp 2 {PL) : x(L) C L}. 

Proof. Since the maps di^L and c/i7r^| s P 2 (^> are submersions then by the 
inverse function theorem, we have that the isotropy groups are Lie sub¬ 
groups and their Lie algebras are ker din l and ker d\n l\si> 2 {h) respectively. 
A short computation show us that ker d\TiL = {x G sp('H) : x(L) C L} and 
ker diTTL\sp 2 (H) = G sp 2 {PL) : x(L) C L}. Indeed, if PlJX\ l = 0 then 
JX\ L G L ± and thus -X\ L G J(L ± ) = L. □ 

Remark 3.9. The Lie algebra sp 2 (PL)l consists of all operators x G 5p 2 {PL) 
that are L invariant, so we can give another characterization of this algebra 
using the orthogonal projection Pl ■ That is, 

sP 2 (^)l = {x G sp 2 (; H) : xP L = P L xP L }. (3.5) 

In block matrix form, this operators corresponding to the upper triangular 
elements ofsp 2 (PL). 

4 Metrics structures in Ol {] 

4.1 The ambient metric 

Given v,w G TwOl 0 = B 2 (W) S , we define the inner product 

OO 

{v,w)w := tr w {w*v) = ^2 / {w*ve i ,e i ) 

i =1 

where {e,} is an orthonormal basis of the subspace W. It is not difficult to 
see that the above inner product can be expressed over the full Hilbert space 
PL using the orthogonal projection Pw■ That is, trw(w*v ) = Tr(w*vPw ). 
The ambient metric for v G TwOl 0 = B 2 (W) S is 

A{W,v) := tr w {y*v) 1 ^ 2 , 

and it can be expressed by the orthogonal projection over the full Hilbert 
space. Indeed, if {e,} is an orthonormal basis for PL then 

llu-FWill = y ^(vPwe^vPwej) = '^T{v*vP w e i , P w ef) 
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(4.6) 


= '^^(v* v Pwei,e i ) = tr(y*vPw) = tr w (v*v ) 

i 

Proposition 4.1. The ambient metric is smooth in Ol 0 - 

Proof. Let L E Ol 0 and consider a neighborhood U := Q(L ± )nOf j0 of it. For 
any W E U, we can write it in the local chart W = = Gr^_j\ L ^y Let 

rjw : L —> W be the restriction of the orthogonal projection W © L L A W, 
then its local expression is; 

r/ w (v) = 7r(v) = 7r((v - J\ L i/>(v)) + J\ l i/j(v)) 

= (1 — for all v E L, 

and then it can be expressed by the compression of the operator 1 — J\lYPl 
into the subspace L i.e. rjw = (1 — J\l^Pl)\l- If we write the local expression 
of the metric using the classical differential structure of the tangent bundle 
with the differential of the chart 1 given in the formula (13.31) . for every 
v ETU we have 

A{W,v) = \\d^- L \H)P w \\ 2 = Urj^YHrj^Pwh, (4.7) 

where G 4>l(U) and H E Bo(L) s is the preimage of v. Since the projector 
Pw = Pcr ( _ J] ^ is smooth and the local expression of rjw is also smooth 
as a function of fr and by smoothness of the operations involved (inverse, 
involution, product, trace) the formula (14.7[) is smooth. □ 

4.2 The geodesic distance 

The length of a smooth curve measured with the ambient metric will be 
denoted by 

l a(i)= I A('y(t),'y(t))dt. 

Jo 

Given two Lagrangian subspaces S and T in Ol 0 , we denote by d_ 4 the 
geodesic distance using the ambient metric, 

d_A(S,T) = inf{L_ 4 ( 7 ) : 7 joins S and T in Ol 0 }- 

In this section we will show that the metric space (Ol 0 , dj) is complete and 
moreover we will find the geodesic curves of the Riemannian connection given 
by the ambient metric A. 

O L 

If (L n ) C Of jQ is any sequence we will denote by L n -A L the convergence 
to some subspace L E Ol 0 in the topology given by the smooth structure of 
Ol 0 (Theorem 13.41) . 


12 




o 

Proposition 4.2. Let (L n ) C Ol q such that L n —>° L; then L n 


L. 



Proof. Since the map 717 has local continuous sections, let n 0 such that L n E 
U C Ol 0 Vn > no {U a neighboord of L) and such that 07 : U —> Sp 2 ("H) 

is a section for 717 ■ By continuity we have 07 (L n ) -^4 07 (A) = 1 if n > Uq. 
Since 07 (L n ) is close to 1, there is z n E sp 2 (9I) such that 07 (L n ) = e Zn 
and since \\e Zn — 11 |2 = ||07 (L n ) — 1 || 2 —> 0 we also have ||* n ||2 —t 0. Let 
7 n (t) = e tZn (L) C Ol 0 be a curve that joins L and L n ; using the equality 
(USD its length is L A (^ n ) = A(y n (t),y n (t))dt = f* \\inif)P ln {t) || 2 - Since 
7 n (t) = n L o e tZn using the chain rule and Proposition 13.51 we have 

7n(0 d e tz n TT]^(^Z n e ) Pe tZn (L)J Zn\e tZn (L)i 

then taking norm and using the symmetric property of the Frobenius norm 
(\\xyz\\ 2 < IkHlll/Ihlkll) we have 

||7n(t)Py n (t) 11 2 \\Pe tZn (L)J ZnPe tZrl (L) 11 2 ^ 11 11 2 • 

Then it is clear that d A (L n , L ) < L A ( y n ) —^0. □ 

Given a smooth curve a in Sp 2 ('H) we can measure its length with the left or 
right invariant metric, depending on which identification of tangent spaces 
we use in the group. In cm it was used the left one, hence their use the 
left invariant metric. The length of a curve using this metric is Lc(a) = 
fo ||«“ 1 «|| 2 - In this paper we will use the right identification of the tangent 
spaces, so we have to introduce the right invariant metric. Although formally 
equivalent this choice will make some completeness easier. Then the length 
of a is, L^a) = j Q ||da - 1 || 2 . 

Proposition 4.3. If dc and dn denote the geodesic distance with the left 
and right invariant metrics respectively then, 

dc(x~\ y~ l ) = d n (x , y) V x,y E Sp 2 ('H). 

Proof. Since the geodesic distances are left and right invariant respectively, 
the only fact left to prove is the equality dc^x^ 1 ,1) = dn(x, 1) for all x E 
Sp 2 ('H). Indeed, if a is any curve that joins 1 to x _1 then the curve j3(t) = 
o(f )” 1 joins 1 to x\ if we derive we have fd(t)f5{t)^ 1 = — a(f) _ 1 d(f) and then 
the right length of /3 coincides with the left length of a. □ 

If £ : [0,1] —* Ol 0 is a curve with £(0) = L then a lifting of £ is a map 
: [0,1] —y Sp 2 ("H) with 0(0) = 1 and 0(t)(L) = £(f), for all t E [0,1]. The 
next lemma is an adaptation of Lemma 25 in [ 6 ]. 
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Lemma 4.4. Every smooth curve £ : [0,1] —y Ol 0 with £(0) = L admits an 
isometric lifting, if we consider the right invariant metric in Sp 2 ('H). 


Proof. For each t G [0,1], set X(t) = — J^(t)P^ t ) G sp 2 (fH) and consider the 
solution of the ODE 


<,i>(t ) = 


(4.8) 


0 ( 0 ) = 1 


A simple computation using Proposition 13.51 shows that both t t->- 0(t)(L) and 
£(i) are integral curves of the vector held v(t)(L) = PiJX{t)\L G T l Ol 0 = 
B 2 (L) S both starting at L, therefore the two curves coincide. Now, it is easy 
to see that the solution of the differential equation (j4.8j) is an isometric lifting 
of £. Indeed, if we take norms in the equation we have, 


u<^)<r 1 (*)ii2 = ii - jmp m ii 2 = \mp m h = Am,m- 


□ 


Theorem 4.5. The metric space (OL 0 ,d_ 4 ) is complete. 

Proof. Let (L n ) be a d^-Cauchy sequence in Ol q and hx £ > 0. Then there 
exists no such that d A {L n , L m ) < e if n,m > n$. For the fixed Lagrangian 
L no , we have the map 


71 = ^n 0 : S P 2 ^) Ol 0 , n(9) = g(L no ). 

If n, m > n 0 we can take a curve 7 n ^ m C Ol 0 that joins L n to L m (for t — 0 
and t — 1 respectively) such that 

L A {Pn,m) A d^(L n , L m ) T £. 

Then by Lemma 14.41 the curves 7 no>m are lifted, via 7 r, to curves 0 m of Sp 2 ('H) 
with 0 m (O) = 1 and Ln(0m) = L A ( 7 no , m ). Denote by g m = 0 m (l) C Sp 2 ('H) 
the end point. Then 

£ T d_ 4 (L no , L m ) A dj A {^/ n 0 i m) Z/ 7 ^( 0 m ) T dft(l, g m ). 

For each n,m > n 0 we have, 

9m) — ^72.(1) 9m) T d^{\, 9n) — 2£ T d A (L no , L m ) T d A (L no , L n ) A 4£. 

Thus the sequence (g m ) C Sp 2 ("H) is d^-Cauchy and then by Proposition 14.31 
we have that (g” 1 ) i s d^-Cauchy. Using Lemma 7.1 of [TO] we have that the 
sequence (g" 1 ) is a Cauchy sequence in (Sp 2 (7^), ||-1| 2 ) and then since this 
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metric space is closed, there exists x G Sp 2 ('H) such that g m l -^4- x. By 
continuity we have tt( g m ) —4 and since 0 m is a lift of 7 no , m we also 

q L 

have 7r( Qm ) Qmi^Ln 0 ) ^m(l) (-^no) 0 / no,m(l) SO -t/ m ^ )• 

Thus using Lemma 14.21 we have d^(L m ,7r(a: *)) -GO. □ 

The Riemannian connection given by the left invariant metric in the group 
Sp 2 ("H) was calculated in [10J. There was proved that the Riemannian con¬ 
nection in the group Sp 2 ("H) matches it the one of GL 2 (fH ); the group of in¬ 
vertible operators which are pertubations of the identity by a Hilbert-Schmidt 
operator. If g 0 G Sp 2 ("H) and goVo G go-5p 2 (V.) are the initial position and 
the initial velocity then 

a(t) = g 0 e tv o e ^ v °- v ^ c Sp 2 (ft) 

is a geodesic of the Riemannian connection. This fact can be used to find the 
geodesic of the Riemannian connection induced by the ambient metric A. 

Theorem 4.6. Let £ : [0,1] —>• Ol 0 be a geodesic curve of the Riemannian 
connection induced by the ambient metric A with initial position £(0) = L 
and initial velocity £(0) = w G T^Oj jQ = B 2 (L) S . Then 

£(f) = e t{v *- v) e~ tv \L) 

where v G sp 2 ('H) is a preimage of —w by d^L- 

Proof. Since £ is a geodesic curve, by general considerations of Riemannian 
theory, it is locally minimizing. Using the Lemma 14.41 there exists an iso¬ 
metric lifting 0 C Sp 2 ("H) with initial condition 0(0) = 1. By the isometric 
property 0 results locally minimizing with the right invariant metric and 
then 0" 1 results locally minimizing with the left invariant metric. Hence 
the curve 0 -1 C Sp 2 ("H) is a geodesic and it is 0 _1 (f) = e tv *e t ^ v ~ v *' > for 
some v G sp 2 [Tt). Then it is clear that 0(f) = e t ( v *- v ) e - tv * an( j £(f) = 
e t(y*-v) e -tv* (£)_ The only fact left to prove is that v is a lift of — w. In¬ 
deed, since £(t) = d e t(v*~v) e -tv*Ti — V )e t ^ v *~ v ^e~ tv * — ~ v le~ tv *v *), then 
w = £( 0 ) = diTT L (—v) = -diTT L (v). □ 

4.3 The quotient metric 

If W G Ol 0 and v G T w Ol 0) we put 

Q{W,v) = inf{||«|| 2 : 2 G sp 2 (U), d 1 7T W (z) = v}. 
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This metric will be called the quotient metric of Ol 0 , because it is the quo¬ 
tient metric in the Banach space 

TwOlo — S P2(^)/ S P2 

Indeed, since sp 2 (fH)w = kerdi7Tw, if z E sp 2 ('H) with diTTw(z) = v then 

Q{W,v) = inf{|| 2 ; - y\\ 2 : y G sp 2 (P)iv}- 

If Ql denotes the orthogonal projection onto sp 2 (fH)w then each z G sp 2 ('H) 
can be uniquely decomposed as 

z = 2 - Ql(z) + Ql(z) = z 0 + Q l (z ) 

hence 


Ik - 2/111 = Iko + Q L (z) - y 111 = Ikolll + || Ql{z) -y\\l> Ikolll 

for any y G sp 2 (fH)w which shows that 

Q(W, v) = |ko11 2 (4.9) 

where Zo is the unique vector in sp 2 ('H)jy such that di7Tw(zo) = 

We denote the length for a piecewise smooth curve in Ol 0 , measured with 
the quotient norm introduced above, 

Lq{ 7 )=/ 

Jo 

and by d Q the geodesic distance in Oi 0 

dQ(S, T ) = inf (Lq(7) : 7 joins S and T in Ol 0 }. 

Proposition 4.7. d_^(S,T) < d Q (S', T) for all S,T E Ol 0 . 

Proof. The proof is a straighforward computation using the definition of the 
metrics; indeed let 7 be any curve that joins S with T, since Q( 7 ( 2 ), 7 ( 2 )) = 
||a(t )|| 2 where di 7 r 7 (a) = 7 then, 

-4(7,7) = W'yP-yh = ||di 7 r 7 (a)P 7 || 2 = ||P 7 Ja| 7 P 7 || 2 < ||a || 2 = Q( 7 , 7 ). 


□ 


Lemma 4.8. Let (L n ) C Ol q such that L, 


-4° L; then 


dQ 


L. 
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Proof. The proof is similar to that of Proposition 14.21 Since the map 717 , has 
local continuous section, let n 0 such that L n G U C Ol 0 \/n > n 0 ( U a 
neighboord of L ) and such that <jl \ U Sp 2 ("H) is a section for 717 . By 

continuity we have cr L (L n ) -^4 cr L (L) = 1 if n > n 0 . Since (J L {L n ) is close 
to 1, there is z n G sp 2 ('H) such that <? 7 (L n ) = e Zn and since \\e Zn — 1 || 2 = 
|| aL{L n ) — 1 || 2 —> 0 we also have \\z n ^2 —> 0. Let 7 n (t) = e tZn (L) C Ol 0 a 
curve that joins L and L n . By the formula (14.9|) . 

Q(7«) 7n) 11(^) 112 

where x n {t ) is the unique vector in sp 2 {'H)^ n ^ such that di'K ln (t){x n {t)) = 
j n (t). Then using the chain rule and Proposition 13.51 the above equality 
shows 

Pe tz n (U) Jx n (t) \ e tzn (U) PgtZn (£) J Zj n | e tZn (L) ■ (4.10) 

This means that the compression of Jx n {t) to the 1-1 position block in the 
decomposition e tZn (L) © e ten (L) ± is equal to the compression of Jz n for all 
n,t. Since x n (t ) belongs in £p 2 ('H)j!h r q L - ) , we can write it 

%n(f ) = % nif) Pe tZn (L) Pe tZn {L)‘^n{f') Pe tZn (L) = (1 P e tz n (L)) X nif) Pe tZn (L) 

and then since P e tzn(L) is a Lagrangian projector we have 

Jx„(t) — {J J Pe tZn (L))%n(f)Pe tZn (L) = Pe tZn {L)J %n(f)Pe tZn {L)- 

Thus using the equality (14.101) 

Qip/mfn) ||*£n(^)||2 || Jx n (t) || 2 | Pe tz n (L) Jx n (t)P e tz n || 2 

= | Pe tz n.[L) J Zn\e tZn (L) || 2 T 11 112 

for all n, t. Then is clear that dg(L n ,L) < Lq^u) —>• 0. □ 

Now we are in a position to obtain our main result. 

Theorem 4.9. The metric space {O^^dg) is complete. 

Proof. Let (L n ) be a dg-cauchy sequence, then by Proposition 14.71 ( L n ) is a 
d^-cauchy sequence. If we repeat the procedure that we did in Theorem 14.51 

O L 

we have that L n —^ ^(x” 1 ) for some x G Sp 2 ('H) and then using the above 
lemma we have dg(L n , 7r(x -1 )) —> 0. 

□ 
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